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ON THE NORMALITY OF SCHUBERT VARIETIES:
REMAINING CASES IN POSITIVE CHARACTERISTIC
BY THOMAS J. HAINES AND TIMO RICHARZ
Abstract. Schubert varieties in classical flag varieties are known to be normal by the work of
Ramanan-Ramanathan, Seshadri, Anderson and Mehta-Srinivas. The normality of Schubert vari-
eties in affine flag varieties in characteristic zero was proved by Kumar, Mathieu and Littelmann
in the Kac-Moody setting, and in positive characteristic p > 0 for simply connected split groups by
Faltings. Pappas-Rapoport generalized Faltings’ result to show that Schubert varieties are normal
whenever p - |pi1(Gder)|. This covers many cases, but the case of PGLn for p | n is not covered,
for instance. In this article, we use a variation of arguments of Faltings and Pappas-Rapoport to
handle general Chevalley groups over Z. In addition, for general Chevalley groups G and para-
horic subgroups P ⊂ LG, we determine exactly when the partial affine flag variety F`P ⊗Z Fp is
reduced, and for semi-simple Chevalley groups we determine the locus in Spec(Z) over which F`P
is ind-flat.
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2 T. J. HAINES AND T. RICHARZ
1. Introduction
Let k be a field, and denote by k((z)) the Laurent series local field in a formal variable z with
ring of integers k[[z]]. The affine Grassmannian GrPGL2(k) parametrizes homothety classes of k[[z]]-
lattices in k((z))2. This is the k-points of an ind-scheme GrPGL2 , an infinite union of projective
k-schemes. The space GrPGL2 is known to be reduced, i.e., all schemes in the union can be taken to
be reduced, if and only if char(k) 6= 2, cf. Lemma 6.1. On the other hand, in any characteristic the
reduced locus is a union of Schubert varieties
(GrPGL2)red =
⋃
n≥0
S2n
∐⋃
n≥0
S2n+1
 ,
where {∗} = S0 ⊂ S2 ⊂ S4 ⊂ ... and P1k = S1 ⊂ S3 ⊂ S5 ⊂ ... are linearly ordered chains. If n ≥ 2,
then the smooth locus is (Sn)
sm = Sn\Sn−2, and hence the Schubert varieties are singular. The
singularity arising at the boundary of (Sn)
sm ⊂ Sn is smoothly equivalent to the type A surface
singularity
k[x, y, z]/(xn − yz),
which is normal regardless of the characteristic of k. So somewhat surprisingly even if char(k) = 2
the Schubert varieties inside GrPGL2 are normal. The purpose of the present manuscript is to show
normality of Schubert varieties for general Chevalley groups G and to clarify the relation to the
total affine flag variety. In particular we shed light on all cases such as GrPGL2 in characteristic 2,
which were not understood before.
1.1. Results. Let G be a Chevalley group over Z (by definition, a reductive group scheme which
admits a maximal torus [Co14, §6.4]). We fix a chain of closed Z-subgroups T ⊂ B ⊂ G where T
is a maximal torus (automatically split) and B is a Borel subgroup (note B exists by e.g. [Co14,
Rmk. 6.1.2]). Let LG : R 7→ G(R((z))) be the loop group, and denote by B ⊂ LG the Iwahori
subgroup determined by B. The affine flag variety
F`B def= LG/B
is representable by an infinite union of projective Z-schemes. Let W = NormG(T )(Z((z)))/T (Z[[z]])
be the Iwahori-Weyl group (or extended affine Weyl group). For each w ∈ W , we define the Z-
Schubert variety Sw ⊂ F`B as the reduced orbit closure
Sw
def
= B · w˙ · e ⊂ F`B,
where w˙ ∈ LG(Z) denotes a representative of w and e ∈ F`B(Z) the base point, cf. Definition 2.2.
The following result (cf. Theorem 2.4 below) is due to Faltings [Fal03, Thm 8] (cf. Go¨rtz [Go03, §3]
for details) in the case of simply connected and simple Chevalley groups. Faltings’ method relies on
the normality of Schubert varieties in characteristic zero proven by Kumar [Ku87], Mathieu [Ma88]
and Littelmann [Li98].
Main Theorem. Let G be a Chevalley group over Z. For each w ∈W , the Z-Schubert variety Sw
has the following properties:
i) The scheme Sw is flat, projective, normal, Cohen-Macaulay, with only rational singularities, and
its formation commutes with arbitrary base change.
ii) For any field k, the scheme Sw ⊗Z k is integral, normal, Cohen-Macaulay, with only rational
singularities and if char(k) > 0 also Frobenius split.
For the precise meaning of the commutation with base change in i), we refer to Lemma 3.3. We
also refer to Theorem 7.4 for a variant of the main result for general reductive group schemes over
an arbitrary base scheme. Part ii) is due to Pappas-Rapoport [PR08, Thm 6.1], more generally
for twisted affine flag varieties, whenever the characteristic p := char(k) is prime to |pi1(Gder)|
(by definition, the index of the coroot lattice inside the cocharacter lattice of the derived group
Gder). Our result is new in the case where p | |pi1(Gder)|, e.g., for G = PGLn with p | n. We
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expect that the hypothesis p - |pi1(Gder)| can be weakened in several results in the existing literature
[PZ13, Zhu14, Lev16, KP].
Let us note that the same result holds true for Schubert varieties in partial affine flag varieties
such as the affine Grassmannian. Since G/B ⊂ F`B, the case of (partial) affine flag varieties covers
the case of Schubert varieties in classical (partial) flag varieties as well. For classical flag varieties,
part ii) is due to Ramanan-Ramanathan [RR85], Seshadri [Se84] and Anderson [An85]. A short
proof of normality of Schubert varieties is given in [MS87] relying on the method of Frobenius
splittings introduced by Mehta and Ramanathan in their articles [Ra85, MR85] (cf. also [BK05]).
As a consequence of our main result, we are able to study the relation between Schubert varieties
and the affine flag varieties over Z (cf. Lemma 6.1, Proposition 6.3 below):
Corollary. Let G be a Chevalley group over Z, and let n := |pi1(Gder)|.
i) The affine flag variety F`B ⊗Z Fp is reduced (and then even geometrically reduced) if and only if
G = Gder is semi-simple and p - n.
ii) Let G = Gder be semi-simple. The open locus in Spec(Z), over which the inclusion⋃
w∈W
Sw = F`B,red ⊂ F`B
is an equality, is precisely Spec(Z[n−1]). In particular, F`B⊗ZZ(p) is ind-flat (cf. Definition A.1) if
and only if p - n, i.e., Spec(Z[n−1]) is the precise locus over which F`B is ind-flat. Consequently, the
affine flag variety F`B is ind-flat over Z if and only if n = 1 if and only if G is simply connected.
It is well-known that the flag variety F`B is non-reduced if G is not semi-simple, cf. [BD, Thm
4.5.1 (v)], [PR08, Thm 6.1]. Further, if G = Gder then F`B⊗ZQ is geometrically reduced by Laszlo-
Sorger [LS97, Prop 4.6], and F`B⊗Z Fp is geometrically reduced for p - |pi1(G)| by [PR08, Thm 6.1].
The new information in i) is the non-reducedness of F`B ⊗Z Fp for p | |pi1(G)|, cf. Lemma 6.1 below.
Part ii) is proven in [Fal03, Cor 11] (cf. also [Go03, §3.3]) if G is simple and simply connected.
The extension to general semi-simple Chevalley groups and the determination of the ind-flat locus
seems to be new. Let us point out that ii) produces plenty of examples of ind-schemes over Z which
satisfy the lifting criterion for formal smoothness but which are not ind-flat. For not necessarily
semi-simple Chevalley groups we do not know the ind-flat locus over Z, cf. Remark 6.5.
1.2. Method of Proof. For simple and simply connected Chevalley groups, our main result can
be immediately derived from the proof of [Fal03, Thm 8]. We refer to [Go03, §3] for a nice outline of
the method of [Fal03] and for more details regarding its proof. Granting our main result for simple
and simply connected Chevalley groups, we proceed in the following steps:
1) The main result holds for simply connected (not necessarily simple) Chevalley groups.
2) If the main result holds for a Chevalley group G then it holds for all Chevalley groups which
differ from G by formation of a central extension.
We show that the assertions in the Main Theorem all boil down to the single assertion that Schubert
varieties in F`B are normal. Then Step 1) is immediate from the result of Faltings, and the new
ingredient in the proof is Step 2), cf. §5. Let G′ → G be a central isogeny, and consider the
induced map F`B′ → F`B on the respective affine flag varieties. The key step is to show that the
Schubert varieties in the identity components map under F`oB′ → F`oB isomorphically onto each
other, cf. Proposition 5.1. As observed in [PR08, §9], the basic obstruction lies in the failure of
smoothness (resp. e´taleness) of the finite flat Z-group scheme Z := ker(G′ → G) of multiplicative
type. Namely, Z ⊗ Z(p) is smooth if and only if p does not divide the order of Z which is a divisor
of |pi1(G)|, cf. (6.1). Our idea is simple: we construct an embedding of Chevalley groups G′ ⊂ G′′
with the property G′der = G
′′
der on derived groups and such that the center of G
′′ is a torus, and
hence smooth, cf. Lemma 5.4. The Schubert varieties map under the closed immersion F`B′ ↪→ F`B′′
isomorphically onto each other, and we may reduce to the case where Z is smooth. Then the map on
affine flag varieties F`B′ → F`B is formally smooth, and as in [Fal03] (cf. also [PR08, §9]) we establish
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in our situation an algebraization result for a carefully chosen lift of the formal neighborhood at the
base point in F`B. This is the most difficult part of the proof.
So, somewhat surprisingly for the authors, Schubert varieties turn out to be normal regardless of
the relation between |pi1(Gder)| and the characteristic exponent p. On the other hand, the interaction
between p and |pi1(Gder)| is decisive for the relation between Schubert varieties and their ambient
flag varieties, and in determining the ind-flat locus, cf. Lemma 6.1, Proposition 6.3. This relies on
the notion of ind-flatness which is introduced in Appendix A.
1.3. Acknowledgements. The formulation of the Main Theorem was inspired by a question of
Ulrich Go¨rtz asked of the second named author during a conversation in Essen, and he expresses his
gratitude for several discussions around this subject. The research was carried out at the University
of Maryland in March 2018. We thank Michael Rapoport for financial support, and the University
of Maryland for logistical support and excellent working conditions. The authors are very grateful to
George Pappas, to Ulrich Go¨rtz and to Torsten Wedhorn for their helpful remarks on a preliminary
version of this article.
2. Formulation of the Main Result
2.1. Loop groups and flag varieties. We recall a few facts about loop groups and their flag
varieties which can be found for example in [PR08, §1], [Zhu, §I].
Let G be a Chevalley group scheme over Z, i.e., a smooth affine Z-group scheme whose geometric
fibers are connected reductive groups, and which admits a maximal torus defined over Z, cf. [Co14,
§6.4]. The loop group LG is the group functor on the category of rings
(2.1) LG : R 7−→ G(R((z))).
Since G is affine and of finite type, the loop group LG is representable by an ind-affine group ind-
scheme, and in particular is an fpqc sheaf on the category of rings. The positive loop group L+G is
the group functor
(2.2) L+G : R 7−→ G(R[[z]]).
Then L+G = limi≥0Gi with Gi(R) = G(R[z]/(zi+1)) and hence the positive loop group is repre-
sented by a pro-smooth subgroup scheme of LG. The inclusion L+G ⊂ LG is relatively representable
by a closed immersion.
Fix a parabolic subgroup P ⊂ G, and let P ⊂ L+G (resp. Pi ⊂ Gi) be the preimage of P ⊂ G
under the reduction map L+G → G, z 7→ 0 (resp. Gi → G, z 7→ 0). Then P = limi≥0 Pi is a
pro-smooth closed subgroup scheme of LG. The (partial) affine flag variety F`P is the e´tale sheaf
on the category of rings associated with the functor
R 7−→ LG(R)/P(R).
Then F`P is an ind-projective ind-scheme over Z. This follows as in [Zhu, Prop 1.2.5] using the
existence of a faithful representation G ↪→ GLn,Z such that the quotient GLn,Z/G is affine, and then
that the projection F`P → LG/L+G is representable by Zariski locally trivial bundle with general
fiber L+G/P = G/P . The affine flag variety is equipped with a transitive action of the loop group
(2.3) LG×F`P −→ F`P .
We obtain more general ‘parahoric’ groups P ⊂ LG over Z as follows. Let fQ be a facet in the
Bruhat-Tits building for the group G(Q((z))) and denote by GfQ the associated fiberwise connected
Bruhat-Tits group scheme over Spec(Q[[z]]). Let PQ := L+GfQ ⊂ LGQ. Then we define P to be the
flat closure of PQ taken in the ind-scheme LG. Fix a maximal split torus T ⊂ G. For every prime p,
there is a canonical identification of the apartment corresponding to T in the building of G(Q((z)))
with the apartment corresponding to T in the building of G(Fp((z))). Then P ⊗ Fp = L+GfFp where
GfFp is the parahoric group scheme associated to the facet fFp in the building for G(Fp((z))), which is
given by the ‘same’ affine roots as those which are positive on fQ. This is justified by the following
lemma.
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Lemma 2.1. Let ΩQ be a bounded subset of the apartment corresponding to T in the Bruhat-Tits
building of G(Q((z))), and let GΩQ be the associated Q[[z]]-group scheme with connected fibers and
with generic fiber G ⊗Z Q((z)). Then there exists a smooth affine fiberwise connected Z[[z]]-group
scheme GΩ of finite type extending GΩQ with the following properties:
i) There is an identification of Z((z))-groups GΩ ⊗Z[[z]] Z((z)) = G⊗Z Z((z)).
ii) For every prime number p, the group scheme GΩ ⊗Z[[z]] Fp[[z]] is the Bruhat-Tits group scheme
with connected fibers for G⊗Z Fp((z)) associated with the subset ΩFp .
Proof. This is proven in [PZ13, 4.2.2]. Note that the base ring in loc. cit. is the polynomial ring
O[z] where O is discretely valued. The same proof remains valid in the case Z[[z]] using [BT84,
3.9.4]. 
Applying the lemma to the facet fQ, we see that P = Pf is the flat affine subgroup scheme of LG
given by Pf (R) = Gf (R[[z]]). In particular, P is still a pro-smooth subgroup scheme of LG, and F`P
is still representable by an ind-projective ind-scheme over Z. To see this, we invoke [PZ13, Cor 11.7]
which grants the existence of a closed subgroup scheme embedding Gf ↪→ GLn,Z[[z]] such that the fppf
quotient GLn,Z[[z]]/Gf is quasi-affine. In particular, the induced map on flag varieties ι : F`P → F`GLn
is representable by a locally closed immersion, and thereby showing that F`P is representable by a
separated ind-scheme of ind-finite type over Z. To get that F`P is ind-projective, it suffices to see
that ι is a closed immersion which in turn follows from F`P being ind-proper. If P is an Iwahori, this
is clear because every Iwahori is conjugated by an element in LG(Z) to the standard Iwahori which
is treated above (cf. §2.5.2 below). The general case now follows by choosing an Iwahori subgroup
I ⊂ P, and by considering the surjective projection F`I → F`P where we use the separatedness
of F`P to conclude its ind-properness. This shows that F`P is indeed an ind-projective ind-scheme
over Z.
2.2. Schubert Varieties. For general facts about Schubert varieties in affine flag varieties we refer
to [PR08, §8], and in affine Grassmannians to [Zhu, §2.1]. However, our point of departure is to
develop some of this well-known theory over Z rather than over a field.
Let G be a Chevalley group over Z. We fix a chain of closed Z-subgroups
(2.4) T ⊂ B ⊂ G,
where T ⊂ G is a maximal split torus, and B ⊂ G is a Borel subgroup. Then (2.4) determines an
‘Iwahori’ group B, and we let P ⊇ B be a ‘parahoric’ group, as in §2.1.
The Iwahori-Weyl group W = W (G,T,Z) (or extended affine Weyl group) is the abstract group
(2.5) W
def
= NormG(T )(Z((z)))/T (Z[[z]]).
Definition 2.2. For w ∈ W , the (B,P)-Schubert variety Sw ⊂ F`P over Z is defined to be the
scheme theoretic image of the orbit map
(2.6) B −→ F`P , b 7−→ b · w˙ · e,
where w˙ ∈ NormG(T )(Z((z))) ⊂ LG(Z) is a representative of w ∈ W , and e ∈ F`P(Z) is the base
point.
The following lemma justifies the definition.
Lemma 2.3. For each w ∈W , the Schubert variety Sw is a flat, projective and integral Z-scheme.
Proof. Let F`B = colimiXi be an ind-presentation where the Xi are projective Z-schemes. Since B
is an affine scheme (hence quasi-compact), the orbit map (2.6) factors through some Xi0 for i0 >> 0.
In particular, Sw ⊂ Xi0 is closed subscheme, and hence projective over Z. If we write B = limi Bi
where the Bi are smooth affine fiberwise connected Z-group schemes (cf. (2.2) ff.), then the orbit
map factors through some BN for N >> 0. Since BN is reduced (resp. irreducible), the scheme
Sw is reduced (resp. irreducible) and hence integral. Now the scheme BN is Z-smooth and thus
Z-flat which is equivalent to the generic fiber BN,Q ⊂ BN being schematically dense, cf. Appendix
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A. This implies that the restricted orbit map BN,Q ⊂ BN → Sw is dominant. As the map factors
as BN,Q → Sw,Q ⊂ Sw, the inclusion Sw,Q ⊂ Sw is schematically dense as well. Hence, Sw is Z-flat,
and the lemma follows. 
Notation: we will often write SPw to denote the Schubert variety inside F`P , when we need to
emphasize the role of P.
2.3. The Main Result. Let G be a Chevalley group over Z, and fix a chain of subgroups as in
(2.4) and B and P as in §2.2. Let w ∈ W , and let Sw ⊂ F`P be the associated (B,P)-Schubert
variety.
Theorem 2.4. i) The Z-scheme Sw is flat, projective, integral, normal, Cohen-Macaulay, with only
rational singularities, and its formation (2.6) commutes with arbitrary base change.
ii) For any field k, the scheme Sw ⊗Z k is integral, normal, Cohen-Macaulay, with only rational
singularities, and if char(k) > 0 also Frobenius split.
Remark 2.5. More generally, for any parahoric groups Q ⊇ L+T ⊆ P, we can consider (Q,P)-
Schubert varieties in F`P by taking scheme theoretic image of the Q-orbit map in F`P . But we
do not get any additional Schubert varieties this way: after conjugation with an element in W , we
may assume B ⊂ Q. Then, if w ∈ W is maximal in WQwWP (cf. §4.2), one can show that the
(Q,P)-Schubert variety attached to w is just the (B,P)-Schubert variety Sw ⊂ F`P .
2.4. Preliminaries related to statement. Let R be either the ring of integers or a field1. Let Y
be a flat proper R-scheme which is connected. The notion of rational singularities used here has the
following meaning: we say Y has rational singularities if there exists a rational resolution of Y , i.e. a
birational surjective R-morphism f : X → Y where h : X → Spec(R) is proper smooth of relative
dimension n, and
(i) the natural map OY → Rf∗OX is a quasi-isomorphism (call such f trivial resolutions), and
(ii) Rqf∗(ωX) = 0 for q > 0, where ωX = ∧nΩX/R.
Note that ωX is the relative dualizing sheaf on X, cf. [Har66, VII,§4] (see also [StaPro, 0BRT]).
Further, since R is Noetherian regular (hence Gorenstein), its dualizing complex is R[0], so that
ω•X = h
!R[0] = ωX [n] is an absolute dualizing complex for X in the sense of [StaPro, 0A87]. Also
note that (i) implies OY = f∗OX , and hence Y is integral and normal by [StaPro, 03GQ, 035L] (use
that X is normal and that Y is connected by assumption).
Remark 2.6. Our notion of rational resolution implies the notion of rational resolution used by
Kova´cs [Kov18, Def. 9.1]. In particular, any scheme Y as above having a rational resolution X → Y
is automatically integral, normal and Cohen-Macaulay (this was observed by Kova´cs, cf. [Kov18,
Rem. 9.2]) and also has rational singularities and pseudo-rational singularities in the sense of [Kov18,
Def 9.6, 9.11] (cf. [Kov18, Cor. 9.14]). Note that this holds true a posteriori for Y = Sw and
Y = Sw ⊗ k for any field k.
Lemma 2.7. Assume that the map f : X → Y is a trivial resolution. Then f is a rational resolution
(i.e. it also satisfies (ii) as above) if and only if Y is Cohen-Macaulay.
Proof. This is proven in [Kov18, Cor 8.2], and we repeat the argument for convenience. The map
OY → Rf∗OX is an isomorphism, and hence the trace map Rf∗ω•X → ω•Y is an isomorphism
by Grothendieck duality, cf. [Kov18, Lem 8.1]. But ω•X = ωX [n] is concentrated in exactly one
cohomological degree, and we see that (ii) holds if and only if ω•Y is concentrated in exactly one
cohomological degree. The latter property is equivalent to Cohen-Macaulay [StaPro, 0AWT]. 
For the next lemmas suppose R is a Noetherian ring and suppose Y is a scheme endowed with
a finite type surjective morphism g : Y → Spec(R). Assume Spec(R) is Cohen-Macaulay (e.g.R is
regular).
1More generally, a Noetherian regular excellent pure dimensional base scheme of finite Krull dimension is enough.
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Lemma 2.8. Assume g is flat and that for every p ∈ Spec(R), the k(p)-scheme Y ⊗ k(p) is Cohen-
Macaulay. Then Y is Cohen-Macaulay.
Proof. This follows from [Mat86, Thm. 23.9(iii)]. 
Lemma 2.9. Let g be proper and flat and suppose that for each p, Y ⊗k(p) has a rational resolution.
Then Y ⊗ k(p) is Cohen-Macaulay for each p, and thus Y itself is Cohen-Macaulay.
Proof. We obtain that Y ⊗k(p) is Cohen-Macaulay again by the general result of Kova´cs in Lemma
2.7. We note that if g is assumed to be a projective morphism of schemes over a field k (as in
our applications of this result) we may use the older result that any projective k-variety carrying
a rational resolution is Cohen-Macaulay (cf. [Ra85, Prop. 4]). The last assertion follows from this
using Lemma 2.8. 
Lemma 2.10. Let Y be a projective flat scheme over R, and let p ∈ Spec(R) be such that k(p)
is perfect. Let f : X → Y ⊗ k(p) be a trivial resolution. Suppose that X is Frobenius split if
char(k(p)) > 0. Then f is a rational resolution.
Proof. Property (ii) as above is automatic when char(k(p)) = 0 by the Grauert-Riemenschneider
vanishing theorem. This vanishing also holds in positive characteristic, when the resolving variety
is Frobenius split over a perfect field (cf. [MvdK92, Thm. 1.2]). 
Lemma 2.11. Suppose R is a Dedekind domain. If g is flat, the generic fiber of Y is normal, and
the fibers of Y over closed points of Spec(R) are reduced, then Y is normal.
Proof. Use the same proof as [PZ13, Prop. 9.2]. 
Now return to the notation of §2.2, and let R = Z. The upshot of the above lemmas is the
following: Since we already know Sw is integral, flat, and projective over Z, to prove Theorem 2.4
it will suffice to prove that
(I) Sw is normal,
(II) The formation of Sw via (2.6) commutes with base change, so that Sw ⊗ k is a (reduced)
Schubert variety for any field k,
(III) Sw ⊗ k is normal, for every field k,
(IV) Sw ⊗ k is Frobenius split whenever char(k) > 0, and
(V) Sw ⊗ k and Sw carry a trivial resolution.
One easily reduces in the above statements to the case where either k = F¯p or k = Q¯ instead of
general fields.
In §4, assuming Sw is normal, we check (V) by showing there is a (fiberwise) trivial resolution of
singularities f : Dw → Sw where Dw → Spec(Z) is smooth and projective and Dw⊗Fp is Frobenius-
split for each prime p; hence by Lemma 2.10, f ⊗k is a rational resolution of Sw⊗k for k any prime
field. Thus Sw is Cohen-Macaulay by Lemma 2.9, and (V) with Lemma 2.7 implies that Sw carries
f as a rational resolution.
We shall see in the remainder of this section and in the following sections that all of these
statements reduce down to a single one.
Theorem 2.12. Every (B,B)-Schubert variety Sw is normal.
In the course of the proof, we shall use several times the fact that the normality of the generic
fiber Sw,Q for general Chevalley groups is known; see [Ku87, Ma88, Li98], cf. [PR08, Thm 8.4].
2.5. First Reductions.
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2.5.1. Products of Chevalley groups. Let G be a Chevalley group over Z, fix a chain of subgroups
as in (2.4) and fix B ⊆ P as in §2.1. Assume that G = G1 × G2 is a product of Chevalley groups.
Then T = T1 × T2, B = B1 × B2, B = B1 × B2 and P = P1 × P2 induces on affine flag varieties
F`P = F`P1 ×F`P2 (resp. on Iwahori-Weyl groups W = W1 ×W2).
Lemma 2.13. If (I-IV ) hold for all (Bi,Pi)-Schubert varieties in F`Pi for i = 1, 2, then they hold
for all (B,P)-Schubert varieties in F`P .
Proof. Let w = (w1, w2) ∈ W , and let Sw ⊂ F`P (resp.Swi ⊂ F`Pi , i = 1, 2) denote the associated
Schubert variety. There is a closed immersion of schemes
(2.7) Sw ↪→ Sw1 × Sw2 =: X.
If (I-IV) hold for each Swi , then Swi ⊗ k is geometrically normal and irreducible (resp. Frobenius
split), and hence X ⊗ k is geometrically normal and integral for every field k, cf. [StaPro, 06DG;
038F, 05DS]. If char(k) > 0, then X ⊗ k is again Frobenius split (a splitting of each factor gives
a splitting of the product). As X is flat by Lemma 2.3, this implies normality of X, cf. Lemma
2.11. Further, (2.7) is a closed immersion of flat Z-schemes which is an isomorphism over Q (by
consideration of the Bruhat decomposition), and hence an isomorphism. The compatibility of (2.6)
with base change uses that taking the scheme theoretic image commutes with flat base change, as
follows from [StaPro, 01R8 (2)]. This implies the lemma. 
2.5.2. Reduction to neutral component. We define the subgroup Ω ⊂W as
(2.8) Ω
def
= {w ∈W | w˙Bw˙−1 = B}.
Then there is a semi-direct product decomposition W = Waf oΩ where Waf denotes the affine Weyl
group associated with the root system for (G,B, T ). To prove this decomposition, we need to prove
that Waf acts simply transitively on the set of all Iwahori groups B, which follows from the result
over Q: the map WZ → WQ of Iwahori-Weyl groups is an isomorphism, i.e., each element in WQ
is defined over Z. If B,B′ are two Iwahori group schemes defined over Z, then the unique element
which conjugates BQ into B′Q, also conjugates B into B′ (which follows from the closure relation
BQ = B, i.e., all Iwahoris/parahorics over Z come from those over Q by taking the flat closure).
Note that if Gsc denotes the simply connected cover of the derived group of G, and Tsc the preimage
of T under Gsc → G (a maximal torus), then the map of groups W (Gsc, Tsc) → W (G,T ) = W is
injective with image the affine Weyl group Waf .
Lemma 2.14. If (I-V ) hold for all Schubert varieties Sw with w ∈ Waf , then they hold for all
Schubert varieties in F`B.
Proof. Let w ∈W and write w = v·γ with v ∈Waf , γ ∈ Ω. Since γ˙ normalizes B, right multiplication
by γ˙ on LG induces an isomorphism F`B ∼= F`B (equivariant for the left action of LG via (2.3))
which restricts to an isomorphism Sv ∼= Sw (equivariant for the left action of B). This shows the
lemma. 
3. Normalization
Let G be a Chevalley group over Z, and fix T ⊂ B and let B be as in §2.1. The choice of
the Iwahori subgroup B ⊂ LG equips Waf with a Coxeter structure, i.e., a finite subset of order
2 elements S ⊂ W called simple reflections such that the pair (Waf ,S) is a Coxeter group. Let
w ∈Waf , and fix a reduced expression
(3.1) w = s1 · . . . · sq
with s1, . . . , sq ∈ S. For i = 1, . . . , q, let Pi ⊂ LG denote the unique parahoric subgroup such that
Pi ⊃ B, s˙i ∈ Pi(Z) and Pi/B ' P1Z. The Demazure resolution Dw = D(w, s•) associated with the
reduced expression (3.1) is defined as the e´tale quotient
(3.2) Dw
def
= P1 × . . .× Pq/Bq,
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for the right action given by (p1, . . . , pq)∗(b1, . . . , bq) := (p1b1, b−11 p2b2, . . . , b−1q−1pqbq). The Demazure
resolution Dw is an iterated P1Z-fibration, and hence a smooth projective Z-scheme. There is a well-
defined morphism of ind-schemes
(3.3) piw : Dw −→ F`B, [(p1, . . . , pq)] 7→ [p1 · . . . · pq].
In what follows Sw = S
B
w.
Definition 3.1. The normalized Schubert variety S˜w is defined as the relative spectrum
(3.4) S˜w
def
= SpecF`B(piw,∗ODw).
The following lemma justifies the definition. Ultimately, our goal will be to show that S˜w ∼= Sw.
Lemma 3.2. i) The normalized Schubert variety S˜w is representable by a flat, projective Z-scheme,
and the map S˜w → F`B factors as S˜w → Sw ⊂ F`B.
ii) The scheme S˜w is normal, and the map S˜w → Sw is a birational universal homeomorphism.
iii) The map S˜w → Sw is an isomorphism over the normal locus of Sw which is open and contains
the generic fiber Sw,Q.
Proof. Let F`B = colimiXi be a presentation where the Xi are projective Z-schemes. As Dw is
quasi-compact, there is an i0 >> 0 such that for every j ≥ i0 we have a factorization
piw : Dw
pij−→ Xj ⊂F`B.
Whenever j′ ≥ j ≥ i0, this induces canonical isomorphisms of finite Xj′ -schemes
Spec
Xj
(pij,∗ODw) ' SpecX′j (pij′,∗ODw),
where the left hand side is considered as an Xj′ -scheme via the inclusion Xj ⊂ Xj′ . Passing
to the colimit over all j ≥ i0 defines the projective Z-scheme S˜w → F`B. Since piw factors as
Dw → Sw ⊂ F`B, the map S˜w → F`B factors as S˜w → Sw → F`B. Since Dw is smooth, flatness of
S˜w is obvious from the definition. This proves i).
Part ii) is proven in [Fal03, Lem 9]: We use [StaPro, 03GY] to see that S˜w → Sw is the nor-
malization map for Dw → Sw, and in particular finite. Since the Demazure resolution Dw → Sw
is birational, it follows that S˜w is indeed the normalization of Sw (hence normal). The fact that
S˜w → Sw is a universal homeomorphism follows from the geometrically connectedness of the fibers
of Dw → Sw, which in turn is proved in [Fal03, Lem 9] (cf. also [dHL, Thm 2.2.2])2. Indeed, by
[StaPro, 04DF] we need to check that S˜w → Sw is integral, universally injective and surjective. We
already know that it is finite (hence integral) and surjective. For universally injective, we have to
see that S˜w(k)→ Sw(k) is injective for all fields [StaPro, 03MU]. We reduce to the case where k is
algebraically closed which follows from the finiteness of S˜w → Sw combined with the geometrically
connectedness assertion. This proves ii).
The map S˜w → Sw is an isomorphism over the normal locus because it is finite birational by ii).
The normality of the generic fiber Sw,Q for general Chevalley groups follows from [Ku87, Ma88, Li98],
cf. [PR08, Thm 8.4]. This shows the lemma. 
Now fix P ⊇ B as in §2.1 and let Sw = SPw unless otherwise noted.
Lemma 3.3. If SBw is normal for all w ∈ Waf , then for all such w the formation of Sw via (2.6)
commutes with arbitrary base change.
2Note that the argument in [Fal03, Lem. 9] is valid over Z and does not require one to know beforehand that
Sw ⊗ k is reduced. One needs to use the triviality of the morphism Pi ×B Dw′ → Pi ×B Sw′ locally in the Zariski
topology on the target.
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Proof. Let Z be any scheme. We have to show that Sw,Z := Sw ×Spec(Z) Z is equal to the scheme
theoretic image S¯w,Z of the map
(3.5) BZ −→ F`P,Z , b 7→ b · w˙ · eZ ,
where eZ ∈ F`P(Z) denotes the base point. Since Sw,Z is BZ-invariant and w˙Z ∈ Sw(Z), the map
(3.5) factors through Sw,Z to give a closed immersion S¯w,Z ⊂ Sw,Z . First assume P = B. Recall
that the formation of piw,∗ODw hence S˜w commutes with arbitrary base change, cf. [Fal03], [Go03,
Lem 3.13, Prop 3.15 ff.]. So there is a commutative diagram of Z-schemes
(3.6)
SpecF`B,Z (piw,Z,∗ODw,Z ) S˜w,Z
S¯w,Z Sw,Z ,
'
'
where the right vertical arrow is an isomorphism because S˜w ' Sw (normality of Sw). Diagram
(3.6) implies S¯w,Z = Sw,Z in the case P = B. In the general case, we consider the projection
pi : F`B → F`P . Then the closed immersion S¯w,Z ⊂ Sw,Z induces an isomorphism pi−1(S¯w,Z) =
pi−1(Sw,Z) by the previous case (see Lemma 4.1 i) below). Here we have used that the map pi is
flat (because smooth), and that taking the scheme theoretic image commutes with flat base change.
Since pi is faithfully flat (because smooth and surjective), the equality pi−1(S¯w,Z) = pi−1(Sw,Z)
implies S¯w,Z = Sw,Z . The lemma follows. 
4. Reductions of Theorem 2.4 to the normality theorem
Throughout this section, we assume that (I) holds for P = B, i.e., that SBw is normal. Lemma 3.3
implies that (II) holds, and in particular Sw ⊗ k is a (reduced) Schubert variety for any field k. We
need to show that (I,III-V) hold (for (I), we need to check it holds for P 6= B).
4.1. In case P = B: Proof of (III-V) assuming (I). Assume in this section that P = B and
that (I) holds for B; we will prove (III-V) for B. By (I), we have an isomorphism
(4.1) S˜w
∼→ Sw
and hence
(4.2) S˜w ⊗ k ∼→ Sw ⊗ k.
By (II) (4.1) is compatible with change of base, hence (4.2) is the normalization morphism for the
Schubert variety Sw ⊗ k, and hence Sw ⊗ k is normal.
Now, once we know Sw ⊗ k is normal, then the fact that it is Frobenius split when char(k) > 0
follows, as in the proof of [PR08, Prop. 9.7(c)], from the fact that the corresponding Demazure
variety Dw is Frobenius split, compatibly with every Dv ⊆ Dw for v ≤ w, as is seen using the
criterion of Mehta-Ramanathan (cf. [Go01, Prop. 3.20]).
Let f : Dw → Sw be the Demazure resolution. Knowing Sw ⊗ k is normal, the argument of
[Fal03, Lem. 9] goes through to show that f ⊗ k : Dw ⊗ k → Sw ⊗ k is a trivial resolution. Similarly,
assuming (I) the morphism f itself is seen to be a trivial resolution, by the same argument. 
4.2. Reductions to P = B. Our aim is to prove the reductions for the statements (I,III-V) above,
to the case of Iwahori subgroups. In places we follow standard arguments such as those in [PR08,
§8.e.1].
The canonical map pi : F`B → F`P is relatively representable by a smooth morphism with general
fiber P/B e´tale locally on F`P , cf. the proof of [HR, Lem 4.9 i)] for details.
Lemma 4.1. Let w ∈W , and denote by Sw ⊂ F`P the associated (B,P)-Schubert variety.
i) The scheme pi−1(Sw) ⊂ F`B is a (B,B)-Schubert variety.
ii) If (I ) holds for pi−1(Sw), then it holds for Sw.
iii) If (III ) holds for pi−1(Sw ⊗ k), then it holds for Sw ⊗ k.
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iv) If (IV ) resp. (V ) holds for pi−1(Sw ⊗ k) and pi−1(Sw), it holds for Sw ⊗ k and Sw.
Proof. Note that map p := pi|pi−1(Sw) : pi−1(Sw) → Sw is a P/B-bundle, locally trivial for the e´tale
topology. Consider the finite subgroup WP = (NormG(T )(Z((z))) ∩ P(Z))/T (Z[[z]]) of W which
parametrizes the B-orbits in the homogeneous space P/B. Let w0 ∈ WP be the unique element
which defines the open B-orbit in P/B. We may assume w = wP is the minimal length element
in wWP . Clearly, v := wP · w0 ∈ pi−1(Sw)(Z), and we have a closed embedding Sv ↪→ pi−1(Sw) of
schemes. Further, Sw (resp. Sv) is Z-flat by Lemma 2.3, and hence pi−1(Sw) is flat as well (use
the smoothness of pi−1(Sw) → Sw). Thus, it suffices to show Sv,Q = pi−1(Sw)Q in the generic fiber
which is immediately verified, by consideration of the Bruhat decomposition. This implies i). For
ii) and iii), note that the property “normal” is local in the smooth topology, cf. [StaPro, 034F]. For
the property “Frobenius split” (resp. “has a rational resolution”), we note first that the counit of
the adjunction
(4.3) OSw '−→ p∗(p∗OSw) = p∗(Opi−1(Sw))
is an isomorphism. Indeed, by e´tale descent for coherent sheaves we may argue locally in the
e´tale topology. Using flat base change [StaPro, 02KH], it remains to prove (4.3) for maps of type
pr : P/B × X → X with X being Z-flat. As the push forward of OP/B along the structure map
P/B → Spec(Z) is OSpec(Z) (cf. [StaPro, 0AY8]), the assertion is immediate by flat base change.
Further, it is clear that Rqp∗(OP/B) = 0 when q > 0, for example by a very special case of the
Borel-Bott-Weil theorem (P/B is isomorphic to a classical flag variety over k, cf. [HR, §4.2.2.]). If
k is a field of characteristic p > 0, and if pi−1(Sw) ⊗ k = pi−1(Sw ⊗ k) is Frobenius split, then the
push forward of a splitting defines a splitting of Sw ⊗ k by using (4.3).
It remains to prove that Sw (resp.Sw⊗k) satisfies (V) provided that Sv (resp.Sv⊗k) does, under
the assumption that (I) holds. Assume w = wP as before. Let pw : SBw → Sw be the restriction of
p : SBv → Sw to SBw ⊆ SBv . We claim that the composition
f : Dw
piw // SBw
pw // Sw
is a trivial resolution (we will discuss only this claim; the same argument proves that f⊗k is trivial.)
Both morphisms are surjective and birational; for pw birational, use the following lemma.
Lemma 4.2. The morphism pw induces an isomorphism BwB/B → BwP/P.
Proof. First we argue that it is enough to prove the analogous statement for a split group G over a
field k. Suppose the morphism becomes an isomorphism after base-changing along Z→ k for every
field k ∈ {Q,Fp}. Because the morphism is between schemes which are flat and finitely-presented
over Z, the fibral isomorphism criterion (cf. [SGA1, I.5, Prop 5.7]) applies to show that morphism
is an isomorphism. So henceforward we assume we are working with a split group over any field
k. In that situation, let f (resp. a) denote the facet such that P = L+Gf (resp.B = L+Ga), where
Gf denotes the Bruhat-Tits group scheme associated to f (cf. [dHL, §3.7]). In the notation of the
same paper, recall UP = L−−Gf and U = L−−Ga. By [dHL, Prop. 3.7.4, (3.32)]), we need to prove
U ∩ wU = U ∩ wUP . This follows from the assumption that w is minimal in wWP . 
Hence f is a resolution of singularities. Since Sw is normal and integral, the Stein factorization
of the birational morphism f gives f∗ODw = OSw .
We need to prove that f is trivial, i.e., the vanishing of Rqf∗ODw for q > 0. Consider the following
diagram
Dv
prw
$$
piv

h
!!
D2w q //
g

Dw
f

SBv
p // Sw.
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Here the square is Cartesian, prw is the natural projection (onto the first `(w) factors), and the
dotted arrow h exists because f ◦ prw = p ◦ piv. Since piv and g are both birational, so is h. We
claim that g is trivial. By the Leray spectral sequence it suffices to prove that piv and h are trivial.
The triviality of piv is proven in [PR08, Prop. 9.7(d)] (using the normality of S
B
v ). For h, note
that D2w = Dw×˜P/B is the twisted product, and likewise Dv = Dw×˜Dw0 for the decomposition
v = w · w0. Under these identifications the map h decomposes as h = id×˜h0 where id : Dw → Dw
is the identity, and h0 : Dw0 → P/B is the Demazure resolution. Locally in the smooth topology
(or even Zariski topology) on D2w, the map h is isomorphic to the direct product id × h0. Using
the vanishing of Rqh0,∗(ODw0 ) for q > 0 (loc. cit. applied to h0) and flat base change, we get the
vanishing of Rqh∗(ODv ) for q > 0. Also, h∗(ODv ) = OD2w by the Stein factorization of h, as D2w is
smooth and integral and h is birational. This shows that h, hence g, is trivial. Now the required
vanishing of Rqf∗(ODw) for q > 0 follows from flat base change applied to the Cartesian square.

5. Central Extensions
We have seen that in order to prove Theorem 2.4, it is enough to prove Theorem 2.12 for (B,B)-
Schubert varieties Sw for w ∈Waf .
Let G be a Chevalley group over Z, and fix a chain of subgroups as in (2.4) and suppose B gives
rise to B. Let T ′ ⊂ B′ ⊂ G′ be a second triple where G′ is a Chevalley group over Z with Borel
subgroup B′ containing the split maximal Z-torus T ′. Let G′ → G be a flat surjection which sits in
a central extension of Z-group schemes
(5.1) 1 → Z → G′ → G → 1,
such that G′ → G maps T ′ (resp. B′) to T (resp. B). If Gsc (resp. G′sc) denotes the simply
connected cover of the derived group of G (resp. G′), then the map G′ → G induces a canonical
isomorphism G′sc ' Gsc. In particular, the root groups (resp. affine root groups) map under G′ → G
(resp. LG′ → LG) isomorphically onto each other.
We denote by B′, F`B′ etc. the data associated with (G′, B′, T ′). Further, G′ → G induces an
identification of affine Weyl groups Waf(G
′, B′, T ′) ' Waf(G,B, T ) compatible with the Coxeter
structure (cf. discussion below (2.8)), and we identify henceforth both groups and write Waf .
Let w ∈ Waf , and denote by Sw ⊂ F`B (resp. S′w ⊂ F`B′) the associated (B,B)-Schubert variety
(resp. (B′,B′)-Schubert variety) over Z. The map F`B′ → F`B restricts to a B′-equivariant map of
schemes
(5.2) S′w −→ Sw,
where the B′-action on the target is via B′ → B. The rest of this section is devoted to the proof of
the following proposition which allows us to reduce the proof of Theorem 2.12 to the case of simply
connected groups.
Proposition 5.1. Let G′ → G be as in (5.1). Then the map on Schubert varieties (5.2) is an
isomorphism.
We need some preparation for the proof of the proposition.
Lemma 5.2. The map (5.2) is a birational universal homeomorphism. In particular, it is an
isomorphism over the normal locus of Sw which is open and contains Sw,Q.
Proof. Fix a reduced expression of w (cf. (3.1)), and denote by Dw → Sw (resp. D′w → S′w) the
Demazure resolution. We obtain a commutative diagram of schemes
(5.3)
D′w S˜
′
w S
′
w
Dw S˜w Sw.
' '
NORMALITY OF SCHUBERT VARIETIES 13
Let us justify the isomorphisms: With the notation as in (3.2), we claim that the maps pii : P1Z '
P ′i/B′ → Pi/B ' P1Z induced from G′ → G are isomorphisms, i = 1, . . . , q. But G′ → G is a central
extension, and hence the restrictions of LG′ → LG to the affine root subgroups are isomorphisms,
i.e, the restrictions pii|A1Z are isomorphisms. In particular, pii is finite birational onto an integral
smooth (hence normal) scheme, and thus an isomorphism. This shows that D′w ' Dw which also
implies that the map S˜′w → S˜w is birational and has connected fibers. As S˜w is normal by Lemma
3.2 ii), it suffices to show that the map S˜′w → S˜w is finite which follows from being quasi-finite (as
both schemes are projective). However, for every separably closed field k, the map of sets
(5.4) F`oB′(k) −→ F`oB(k)
is bijective (both identify on k-points with the affine flag variety for Gsc), and hence S
′
w(k)→ Sw(k)
is bijective. As S˜w → Sw (resp. S˜′w → S′w) is a universal homeomorphism, the map S˜′w(k)→ S˜w(k)
is bijective as well. This shows S˜′w ' S˜w. Using (5.3), the lemma follows from Lemma 3.2 ii),
iii). 
Let e ∈ Sw(Z) (resp. e ∈ S′w(Z)) be the base point. For each prime number p, denote by
e¯p = e ⊗Z Fp its reduction which is a closed point. The proof of the next lemma follows closely
[PR08, (9.25) ff], but the basic idea is found in [Fal03, Pf. of Lem. 10].
Lemma 5.3. i) The map (5.2) is an isomorphism if and only if for all prime numbers p, the map
on the local rings at the base point αp : OSw,e¯p ↪→ OS′w,e¯p is an isomorphism.
ii) Assume that the map on completed local rings αˆp : OˆSw,e¯p ↪→ OˆS′w,e¯p has a ring theoretic section
βˆp : OˆS′w,e¯p  OˆSw,e¯p such that βˆp ◦ αˆp = id. Then αp is an isomorphism.
Proof. For i), let f : S′w → Sw denote the map (5.2). By Lemma 5.2, we already know that
|f | : |S′w| ' |Sw| on the underlying topological spaces. Assume that αp : OSw,e¯p ' OS′w,e¯p for all
primes p. By definition of scheme isomorphism, it is enough to show for the coherent sheaf on Sw,
(5.5) M def= f∗(OS′w)/OSw
!
= 0.
The support Supp(M) = {s ∈ |Sw| ; Ms 6= 0} is a B-invariant closed subset of Sw. Since S′w,Q '
Sw,Q, the support Supp(M) is concentrated in the special fibers, and hence must be empty (otherwise
it would contain one of the points e¯p). This shows (5.5), and implies i).
For ii), note that the completion OSw,e¯p → OˆSw,e¯p is faithfully flat (cf. [StaPro, 00MC]), and
that αp is a finite ring extension (because S
′
w → Sw is a finite universal homeomorphism). Thus,
we have
αˆp : OˆSw,e¯p −→ OS′w,e¯p ⊗OSw,e¯p OˆSw,e¯p = OˆS′w,e¯p ,
which is an isomorphism if and only if αp is an isomorphism. Assume that αˆp admits a ring theoretic
section βˆp with βˆp◦αˆp = id. Now αˆp is a finite ring extension, and αˆp[1/p] is an isomorphism, because
the same is true for αp. Thus, there exists an integer N >> 0 such that
pN · OˆS′w,e¯p ⊂ OˆSw,e¯p ⊂ OˆS′w,e¯p .
This shows pN ·ker(βˆp) = 0 which implies ker(βˆp) = 0 (because all rings are p-torsionfree by flatness).
This proves the lemma. 
Lemma 5.3 leads us to the problem of constructing formal lifts of the map F`B′ → F`B. The
obstruction for doing so lies in the cohomology of the flat Z-group scheme Z defined in (5.1). The
difficulty lies in the fact that Z is not smooth in general, and the idea is to use a trick to reduce to
the smooth case as follows.
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Lemma 5.4. i) There exists a Chevalley group G′′ which sits in a commutative diagram of central
extensions
(5.6)
1 Z G′ G 1
1 Z ′ G′′ G 1.
id
where Z ′ is a torus and the vertical maps are closed immersions. Given any such diagram, the
map G′ ↪→ G′′ induces a closed immersion on affine flag varieties F`B′ ↪→ F`B′′ , and hence an
isomorphism on Schubert varieties S′w ' S′′w.
ii) Let A be a ring, and let {In}n≥0 be a decreasing sequence of ideals with I2n ⊂ In+1. Let An :=
A/In, and assume that A0 is a local ring. Given a commutative square of solid arrows of ind-schemes
(5.7)
Spec(A0) F`B′′
colimn≥0 Spec(An) F`B,
∃
there exists a dashed arrow making the triangles commute.
Proof. For i), let G′′ = G′ ×Spec(Z) T ′/Z for the right action (g′, t′) ∗ z = (g′z, z−1t′). Since Z is
a Z-flat group scheme of multiplicative type over Z in the sense of [Co14, App. B], it follows that
G′′ is a reductive Z-group scheme (with geometrically connected fibers) by [Co14, Cor 3.3.5]. The
group of multiplicative type T ′′ := T ′×Spec(Z) T ′/Z defines a maximal Z-torus in G′′, and hence G′′
is a Chevalley group over Z. Now let Z ′ := T ′ ↪→ G′′, t′ 7→ [(1, t′)] which finishes the construction of
the central extension 1 → Z ′ → G′′ → G → 1. The inclusions Z ⊂ Z ′ and G′ ↪→ G′′, g′ 7→ [(g′, 1)]
define (5.6). The Borel subgroup B′′ := B′ ×Spec(Z) T ′/Z ⊂ G′′ satisfies B′′ ∩ G′ = B′. We claim
that the associated map on affine flag varieties
(5.8) F`B′ −→ F`B′′
is relatively representable by a closed immersion. The quotient G′′/G′ = T ′/Z is affine, and hence
the map on affine Grassmannians LG′/L+G′ → LG′′/L+G′′ is representable by a closed immersion,
cf. [Zhu, Prop 1.2.6]. The equality B′′∩G′ = B′ implies B′′∩L+G′ = B′, and hence (5.8) is the base
change of the map on affine Grassmannians. This shows that (5.8) is a closed immersion. Therefore
the map on Schubert varieties F`oB′ ⊃ S′w ↪→ S′′w ⊂ F`oB′′ is a closed immersion which is a bijection
on k-points for any separably closed field k, cf. (5.4). As S′′w is reduced, we must have S
′
w ' S′′w
which finishes the proof of i).
For ii), we consider the open cell defined in [Fal03, Lem 4 ff.], [dHL, Def 3.6.1],
(5.9) L−−B def= L−−Gn U¯ (resp. L−−B′′ def= L−−G′′ o U¯ ′′),
where U¯ ⊂ G (resp. U¯ ′′ ⊂ G′′) is the unipotent radical opposite to B = TnU (resp. B′′ = T ′′nU ′′),
and L−−G(R) = ker(G(R[z−1]) → G(R)), z−1 7→ 0, and likewise for L−−G′′. The map L−−B →
F`B, b− 7→ b− · e is representable by an open immersion [Fal03, Cor 3], [dHL, Thm 2.3.1] (cf. also
[HR, Lem 3.1]), and there is an open covering
(5.10) F`B =
⋃
w∈W
w˙ · L−−B · e,
cf. [Fal03, Def 5 ff.], [GH07, Lem 3.1], and likewise for F`B′′ . Since A0 is assumed to be local, the
map Spec(A0)→ F`B′′ factors through w˙′′ · L−−B′′ · e for some w′′ ∈W ′′. The map B′′ → B′/Z =
B, [(b′, t′)] 7→ [b′] induces L−−B′′ → L−−B compatible with the covering (5.10), and hence it is
enough to show that this map satisfies the lifting property (5.7). Since G′′ → G sits in a central
extension, it restricts to an isomorphism U¯ ′′ ' U¯ and we are reduced to show the lifting property
for L−−G′′ → L−−G. A diagram chase shows that it is enough to prove the lifting property for
L−G′′ → L−G and G′′ → G where L−G(R) = G(R[z−1]) (resp. L−G′′(R) = G′′(R[z−1])). But
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the map G′′ → G is smooth (because it is a torsor under the smooth group Z ′ = T ′), and both
assertions are immediate. This implies ii), and the lemma follows. 
Proof of Proposition 5.1. Let p be a prime number. In view of Lemma 5.3, it remains to construct
a ring theoretic section βˆp to αˆp on completed local rings such that βˆp ◦ αˆp = id.
Fix a reduced expression of w (cf. (3.1)), and consider the completed local ring of the Demazure
resolution OˆDw,e¯p = Zp[[T1, . . . , Tq]]. There is the map on completed local rings
A := OˆSw,e¯p ↪→ OˆDw,e¯p .
Define the descending sequence of ideals {In}n≥0 in A by In := A ∩ (T1, . . . , Tq)n+1. We observe
that for every n ≥ 0, the quotient An := A/In is Z-torsionfree, one has I2n ⊂ In+1 and ∩n≥0In = 0
(Krull’s intersection theorem). By Chevalley’s lemma (Lemma 5.5 below), the ring A is complete
with respect to the topology defined by {In}n≥0, and hence there is an isomorphism of rings
(5.11) A
'−→ limn≥1An.
Further, A0 = Zp is local, and I0 ⊂ A is the prime ideal corresponding to the base point ep = e⊗ZZp.
In view of Lemma 5.4, we have the following diagram of ind-schemes
(5.12)
S′w = S
′′
w F`B′′
Spec(A0) colimn≥0 Spec(An) Sw F`B,
ep
where colimn≥0 Spec(An) → Sw is the tautological map. The existence of the dashed arrow is
justified by Lemma 5.4 ii) where we use I2n ⊂ In+1 and A0 local. The key observation is now that
since S′w ⊂ F`B′′ is a closed immersion, one has for every torsionfree ring R,
S′w(RQ) ∩ F`B′′(R) = S′w(R).
Since S′w,Q ' Sw,Q (cf. Lemma 5.2) and An is Z-torsionfree for every n ≥ 0, this implies that the
dashed arrow in (5.12) factors to give a compatible system of sections {Spec(An) → S′w}n≥0 over
Sw, i.e., by (5.11) a section Spf(A) ' colimn≥0 Spec(An)→ S′w. Since A0 is a local ring, the formal
section Spf(A) → S′w lies in an affine open subscheme of S′w, and hence comes from an algebraic
section Spec(A) → S′w. On the level of completed local rings, this defines the desired section
βˆp : OˆS′w,e¯p  OˆSw,e¯p = A such that βˆp ◦ αˆp = id, cf. Lemma 5.3 ii). Hence, αp is an isomorphism
for every prime number p, and the proposition follows from Lemma 5.3 i). 
Lemma 5.5. (Chevalley’s lemma) Let (A,m) be a complete Noetherian local ring, and let {In}n≥0
be a decreasing sequence of ideals whose intersection is zero. Then for every k ≥ 0 there exists
N = N(k) >> 0 such that IN ⊂ mk. In particular, there is an isomorphism A ' limn≥0A/In.
Proof. The existence of N = N(k) for every k ≥ 0 follows from Chevalley’s lemma, cf. [Ch43, Lem
7]. The map A → limn≥0A/In =: Aˆ is injective because ∩n≥0In = 0. For the surjectivity, let
(x¯n)n≥0 ∈ Aˆ and denote by xn ∈ A an arbitrary lift x¯n. Then xn − xn+1 ∈ In which implies that
{xn}n≥0 is a Cauchy sequence in (A,m) by Chevalley’s lemma. By completeness, its limit exists in
A and defines the desired lift. 
Remark 5.6. Our argument can also be used to fill in a few details from an argument in [PR08].
Equation [PR08, (9.25) ff.] states the existence of a section of OˆSw,e¯0 ↪→ OˆS˜w,e¯0 granting the
existence of commutative diagrams compatible for varying n ≥ 0,
A˜w := OS˜w,e¯0
Anw := Aw/F
n(Aw) Aw := OSw,e¯0 .
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Now we may redefine Aw as the completed local ring OˆSw,e¯0 and redefine Fn(Aw) as the ideal In
as above. Then one follows the argument in [PR08, 9.g] and appeals to Chevalley’s lemma to get
the existence of the section in [PR08, (9.25)].
6. End of Proof and Consequences
6.1. Proof of Theorem 2.12. We first finish the proof of Theorem 2.12 (and thus Theorem 2.4)
and then draw some consequences. Let G be a Chevalley group over Z, and fix T ⊂ B, and B as in
§2.1.
Proof of Theorem 2.12. Fix w ∈ W , and let Sw ⊂ F`B be the associated (B,B)-Schubert variety.
We aim to prove that Sw is normal. In view of Lemma 2.14, we may assume w ∈Waf .
Proof for simply connected and simple groups. If G is simply connected and simple, then Sw is
normal by [Fal03, Thm 8].
Proof for simply connected groups. If G is simply connected (but not necessarily simple), there is a
decomposition G = G1 × . . . × Gn into simply connected and simple factors. Theorem 2.12 for G
follows from the previous case using Lemma 2.13.
Proof for adjoint Chevalley groups. If G is adjoint, then we consider the simply connected cover
Gsc → G. The center Zsc = Z(Gsc) is finite flat and multiplicative over Z, and identifies with
the kernel of the fppf surjection Gsc → Gsc/Zsc = G, cf. [Co14, Cor 3.3.4]. Let Bsc ⊂ Gsc the
Borel subgroup given by the preimage of B, and denote by F`Bsc the associated affine flag variety.
Then Proposition 5.1 applies to show that Sw is isomorphic to a Schubert variety in F`Bsc . Hence,
Theorem 2.12 holds in this case.
Proof for general Chevalley groups. If G is a general Chevalley group over Z, then we consider the
projection to the adjoint group G → Gad. The same reasoning as in the previous case shows that
Theorem 2.12 holds for Sw. This finishes the proof. 
6.2. Flatness and reducedness of affine flag varieties. We now proceed to study the flatness
behavior of the affine flag variety F`P . For a Chevalley group G over Z (or a field), we consider the
finitely generated abelian group
(6.1) pi1(G)
def
= X∗(T )/Q∨,
where Q∨ ⊂ X∗(T ) is the coroot lattice inside the cocharacter lattice. Note that the group pi1(G)
is finite whenever G is semi-simple. By [PR08, Rmk 6.4], the affine flag variety F`P is non-reduced
for G = PGL2 over a field of characteristic 2. We have the following generalization:
Lemma 6.1. Let G be a semi-simple Chevalley group over F¯p. Then the partial affine flag variety
F`P is reduced if and only if p - |pi1(G)|.
Proof. If p - |pi1(G)|, then F`P is reduced by [PR08, Thm 6.1]. Conversely, assume that p | |pi1(G)|
in which case we have to prove that F`P is non-reduced. Recall that F`B → F`P is schematic and
smooth. As ‘reduced’ can be checked locally in the smooth topology (cf. [StaPro, 034E]), we may
assume henceforth that P = B; then since the projection F`B → LG/L+G =: GrG is also smooth,
it suffices to show that GrG is non-reduced. The idea of proof follows [PR08, Rmk 6.4]. The simply
connected cover Gsc defines a central isogeny
(6.2) 1 → Z → Gsc → G → 1,
where Z is a finite F¯p-group scheme of order |pi1(G)|. To proceed we need a lemma about Z and its
cohomology groups H1fppf(R((z)), Z), and H
1
fppf(R[[z]], Z). As Z is a closed subgroup of any maximal
torus of Gsc (these are isomorphic to Grm for some r ∈ Z≥1), there is an n ≥ 1 and isomorphism of
F¯p-group schemes
(6.3) Z '
∏
i=1,...,n
lµ.. `kii ,
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for some prime numbers `1, . . . , `n and integers k1, . . . , kn ≥ 1. Note that |pi1(G)| = `k11 · . . . · `knn
where the primes `1, . . . , `n are not necessarily pairwise distinct. Let R be a local Artinian F¯p-
algebra, so that the ring R((z)) (resp. R[[z]]) is a local F¯p-algebra. Assume further that the residue
field of R is separably closed, so that R is strictly Henselian.
Lemma 6.2. In the above situation, the map H1fppf(R[[z]], Z)→ H1fppf(R((z)), Z) is injective.
Proof. If ` 6= p, then lµ.. `k is smooth (even e´tale) so that H1fppf(R[[z]], lµ.. `k) = H1e´t(R[[z]], lµ.. `k) vanishes.
If ` = p, then H1fppf(A, lµ.. pk) = A×/(A×)p
k
for any local ring A. To prove this, consider the exact
sequence 1→ lµ.. pk → Gm → Gm → 1 and use H1fppf(A,Gm) = H1e´t(A,Gm) = Pic(A) = 0. The result
follows from this since the map R[[z]]×/(R[[z]]×)N ↪→ R((z))×/(R((z))×)N is injective for N = pk. 
By [PR08, (6.5)] applied to (6.2) for R((z)) and R[[z]] one derives an exact sequence of pointed
sets
(6.4) 1 → GrZ(R) → GrGsc(R) → GrG(R) κ→ H1fppf(R((z)), Z)/H1fppf(R[[z]], Z) → 1.
This is elementary to prove, using the vanishing H1fppf(A,Gsc) = 0 for A ∈ {R[[z]], R((z))} together
with Lemma 6.2; cf. also [PR08, (6.14)] for the special case Gsc = SL2 → PGL2 = G.
Note that κ = κR is the Kottwitz map when R is a field. We claim that there exists a local
Artinian F¯p-algebra R with separably closed residue field such that the restriction of κ to the
neutral component is non-trivial, i.e.
(6.5) κ (GroG(R)) 6= {∗}.
The claim implies the lemma as follows: If GrG were reduced, then the map GrGsc ' GroG would be
an isomorphism by Proposition 5.1 (combined with the fact that the formation of Schubert varieties
commutes with base change). Thus, the left hand side of (6.5) would need to be trivial by (6.4). It
remains to prove the claim.
Now observe that the kernel of the map of groups
(6.6) H1fppf(R((z)), Z)/H
1
fppf(R[[z]], Z) −→
(
H1fppf(k((z)), Z)/H
1
fppf(k[[z]], Z)
)
= pi1(G)
is contained in κ(GroG(R)) where k is the residue field of R. It suffices to produce a non-trivial class
in (6.6) for some Artinian local F¯p-algebra R with separably closed residue field. By assumption p
divides |pi1(G)|, and hence there exists 1 ≤ i0 ≤ n with `i0 = p. It suffices to show that (6.6) is
non-trivial for Z = lµ.. pk with k ≥ 1. One computes
(6.7) H1fppf(R((z)), lµ.. pk)/H1fppf(R[[z]], lµ.. pk) = R((z))×/
((
R((z))×
)pk ·R[[z]]×) ,
by the proof of Lemma 6.2. If for example R = F¯p[] with 2 = 0,  6= 0, then the class of the
element 1 + z−1 ∈ R((z))× in (6.7) is non-trivial, and lies in (6.6). The lemma follows. 
Translating our findings to the affine flag variety F`P over Z, we arrive at the following result
which together with Lemma 6.1 implies the corollary from the introduction. For the notion of
ind-flatness, we refer to Appendix A.
Proposition 6.3. Let G be a semi-simple Chevalley group over Z, and let n := |pi1(G)|, cf. (6.1).
The inclusion of the closed sub-ind-scheme
(6.8)
⋃
w∈W
Sw ⊂ F`P
is an equality over Z[n−1] and a strict inclusion over Fp for every prime number p | n. In particular,
Z[n−1] is the precise locus on Z over which F`P is ind-flat, i.e., the ind-scheme F`P is ind-flat over
Z[n−1] and not ind-flat over Z(p) for p | n.
We need some preparation. For a ring R, let L−G(R) := G(R[z−1]) which is a group ind-scheme
of ind-finite type over Z, cf. [Zhu, Lem 4.1.4]. We denote L−−G := ker(L−G → G), z−1 7→ 0,
cf. (5.9).
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Lemma 6.4. Let G be a semi-simple Chevalley group over Z, and let n := |pi1(G)|, cf. (6.1). If
Gsc → G is the simply connected cover, then the map L−−Gsc → L−−G is an isomorphism over
Z[n−1].
Proof. Let Sw ⊂ GrG (resp. Sw,sc ⊂ GrGsc) denote the (B, L+G) (resp. (Bsc, L+Gsc)) Schubert
variety for w ∈Waf . By Proposition 5.1, the map Sw,sc → Sw is an isomorphism for every w ∈Waf
which implies that the map
Sw,sc ∩
(
L−−Gsc · esc
) −→ Sw ∩ (L−−G · e)
is an isomorphism for every w ∈Waf (the map is an open immersion which is surjective on points in
any separably closed field). This shows L−−Gsc ' (L−−G)red ⊂ L−−G on the underlying reduced
sub-ind-scheme. Thus the map L−−Gsc → L−−G is representable by a closed immersion which is
an isomorphism on the underlying topological spaces. As L−−G (resp. L−−Gsc) is of ind-finite
type, it suffices to prove that L−−Gsc(R)→ L−−G(R) is surjective (hence bijective) for every local
Artinian Z[n−1]-algebra R of finite type: one reduces to the case of a nilpotent thickening of finite
type schemes which is then formally e´tale, thus an open immersion (hence isomorphism), cf. [StaPro,
02HY, 025G].
Now let Z := ker(Gsc → G) which is a finite flat Z-group scheme of the form (6.3) with `i | n for
all i. To see this note that Z is of multiplicative type (cf. [Co14, Thm 3.3.4, Cor 3.3.5]), that Z is
isotrivial by [Co14, Cor B.3.6], and that Z has no finite e´tale covers. In particular, Z is e´tale over
Z[n−1] and hence, if R is a Z[n−1]-algebra, then there is an exact sequence
(6.9) L−−Gsc(R) → L−−G(R) → ker(H1e´t(R[z−1], Z) z
−1 7→0−→ H1e´t(R,Z)) =: KR.
We claim that KR in (6.9) is trivial for every local Artinian Z[n−1]-algebra R of finite type. Using
the structure of Z, we reduce to the case where Z = lµ.. m with m | n (i.e. m ∈ R×). Let k = R/m
denote the residue field where m ⊂ R is the maximal ideal. Then m is also nilpotent, and k[z−1] =
R[z−1]/m[z−1]. Thus H1e´t(R[z
−1], lµ.. m) = H1e´t(k[z−1], lµ.. m) (resp. H1e´t(R, lµ.. m) = H1e´t(k, lµ.. m)) because
lµ.. m is e´tale (hence smooth) over R[z−1] (resp. R). Since Pic(k[z−1]) = 0, the long exact sequence
of 1→ lµ.. m → Gm → Gm → 1 in e´tale cohomology implies
H1e´t(k[z
−1], lµ.. m) = k[z−1]×/
(
k[z−1]×
)m
(resp. H1e´t(k, lµ.. m) = k×/
(
k×
)m
).
As k[z−1]× = k× we conclude that KR is trivial. In particular, (6.9) gives the surjectivity of
L−−Gsc(R)→ L−−G(R), and the lemma follows.

Proof of Proposition 6.3. If G is simply connected, then (6.8) is an equality by [Fal03, Cor 11]
(cf. also the proof [Go03, §3.5]). Further, if p | n, then ∪w∈WSw,F¯p is a reduced ind-scheme, and
hence (6.8) is a strict inclusion over F¯p (and thus over Fp) by Lemma 6.1. It remains to show that
(6.8) is an equality over Z[n−1]. If Gsc → G denotes the simply connected cover with corresponding
parahoric subgroup Psc ⊂ LGsc, then we claim that the map F`Psc → F`P is an isomorphism onto
the identity component over Z[n−1]. Indeed, by Lemma 6.4 the map Gsc → G gives an isomorphism
L−−Gsc ' L−−G over Z[n−1]. This immediately implies that F`Psc ' F`P in an open neighborhood
of the base point over Z[n−1], cf. (5.9). The claim follows by using the open covering (5.10) and the
fact Waf(Gsc) 'Waf(G) on affine Weyl groups.
Let us turn to the ind-flatness. If F`flP denotes the flat closure of F`P,Q inside F`P (cf. Definition
A.3), then we have inclusions of closed sub-ind-schemes
(6.10) ∪w∈W Sw ⊂ F`flP ⊂ F`P ,
cf. Lemma A.2. As ∪w∈WSw is ind-flat, the first inclusion in (6.10) is an equality. Further, by
what we have already proven, the second inclusion in (6.10) is an equality over Z[n−1] and a strict
inclusion over Z(p) for p | n. This proves the proposition. 
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Remark 6.5. If G is simply connected, we have seen that GrG is ind-flat over Z. At the other
extreme if G = Gm, then
L−−Gm =
⋃
N≥1
Spec
(
Z[a1, . . . , aN ]/(aN1 , . . . , aNN )
)
,
which is clearly ind-flat. In particular, the affine Grassmannian for a (split) torus is ind-flat over Z.
It would be interesting to determine the ind-flat locus of GrGln over Z.
7. Schubert varieties for reductive group schemes
We end the manuscript by giving a version of our main result for reductive group schemes over
more general base schemes. Let Z be a non-empty scheme, and let G be a reductive Z-group
scheme, i.e., a smooth Z-affine group scheme whose geometric fibers are connected reductive groups,
cf. [Co14, Def 3.1.1]. We define the loop group as the functor on the category of affine schemes
Spec(R)→ Z,
(7.1) LG(R) = HomZ(Spec(R((z))), G).
Then LG is representable by an Z-ind-scheme (the proof of [HRb, Lem 3.2 i)] carries over to
the case where Z is not necessarily affine), and in particular a Z-space in the sense of [LMB00,
§1]. Likewise, we define L+G by replacing R((z)) with R[[z]] in (7.1) which is a pro-smooth Z-
group scheme isomorphic to limi≥0Gi, for Gi(R) = HomZ
(
Spec(R[z]/(zi+1)), G
)
. Let P ⊂ G be a
parabolic subgroup, and let P (resp. Pi) the preimage of P ⊂ G under the projection L+G → G,
z 7→ 0 (resp. Gi → G, z 7→ 0). Then P ' limi≥0 Pi is also pro-smooth over Z. We define the affine
flag variety (resp. affine Grassmannian) as the e´tale3 quotient F`P := LG/P (resp. GrG := F`L+G).
This is an ind-proper Z-ind-scheme: the proof of this result in the general case rests on the recent
progress of Battiston-Romagny [BR] on the representability of quotients of group schemes:
Lemma 7.1. The affine flag variety F`P is representable by an ind-proper Z-ind-scheme.
Proof. The assertion is Zariski local on Z, and we reduce to the case where Z is affine. The
projection F`P → GrG is (by definition) an e´tale locally trivial bundle in the homogenous space
L+G/P = G/P . As the quotient G/P is projective [SGA3, Cor 5.8.5], the effectivity of e´tale descent
for quasi-projective schemes implies that F`P → GrG is schematic and proper. Hence, it is enough
to see that GrG is an ind-proper ind-scheme. By [HRb, Cor 3.10 iii)], the sheaf GrG is representable
by an ind-proper Z-ind-algebraic space. By definition, G is smooth with connected fibers, and
we may apply the recent result [BR, Prop 6.5] to get the existence of a faithful representation
G ↪→ GLn,Z , for some n ≥ 1, such that the fppf quotient GLn,Z/G is quasi-affine. We obtain a map
of sheaves ι : GrG → GrGLn,S which is representable by a locally closed immersion. Thus, GrG is an
ind-scheme, and the lemma follows. 
We assume that G admits a maximal torus T defined over Z, which is true e´tale locally on Z,
cf. [Co14, Cor 3.2.7]. Let Q ⊂ G be another parabolic subgroup, and assume that Q ∩ P contains
T . Let Q ⊂ L+G be the associated parahoric subgroup. Denote by N := NormG(T ) the normalizer
which is representable by a smooth closed finitely presented subgroup scheme of G (cf. [Co14, Prop
2.1.6]), and consider the loop group LN → Z.
Definition 7.2. For a section w : Z → LN , the (Q,P)-Schubert variety Sw is defined as the scheme
theoretic image of the orbit map
(7.2) Q −→ F`P , b 7−→ b · w · eZ ,
where eZ ∈ F`P denotes the base point.
3We follow [LMB00, §1] and work in the e´tale topology on affine schemes over Z, i.e., the Grothendieck topology
generated by the obvious pre-topology.
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Remark 7.3. This definition does not include certain objects that could be considered Schubert
varieties. For instance, let Z = Spec(Qp), G = D× for D/Qp a quaternion algebra. Consider
X = Gr
≤{µ}
G as in [HR, Ex. 7.14] where µ = (1, 0). Note that the geometric conjugacy class {µ} is
defined over Qp but does not contain a Qp-rational representative. Then X is the Severi-Brauer
form of P1Qp associated to D. It is not a Schubert variety in the sense above since X(Qp) = ∅.
However, over Q¯p it is isomorphic to a Schubert variety attached to GL2, so it is normal (in fact
smooth).
As in the proof of Lemma 2.3, one argues that the orbit map Q → F`P is schematic and quasi-
compact. This can be proven Zariski locally on Z: if Z is affine, the claim follows from Q being
an affine scheme (hence itself quasi-compact) mapping to the separated ind-scheme F`P (thus the
map factors through a quasi-compact subscheme inducing a quasi-compact map). Hence, Sw is well-
defined as a closed quasi-compact subscheme of F`P . We consider the structure map Sw ⊂ F`P → Z
which is proper. Our main result now reads as follows.
Theorem 7.4. Let Z be a reduced locally connected scheme. Then, for each w : Z → LN , the
Schubert variety Sw → Z is a flat proper Z-scheme whose formation (7.2) commutes with arbitrary
base change Z ′ → Z. Hence, for each field Spec(k) → Z, the k-scheme Sw ⊗ k is a (Qk,Pk)-
Schubert variety in F`P ⊗ k = LGk/Pk which has each of the properties listed in Theorem 2.4 ii).
In particular, the map Sw → Z is normal (resp. Cohen-Macaulay) in the sense of [StaPro, 0390]
(resp. [StaPro, 045R]).
Proof. The assumption and the conclusion are e´tale local on Z, and we reduce to the case where
Z = Spec(R) is affine and connected, and where
(G,Q,P, T ) = (G0, Q0, P0, T0)⊗Z R,
for a Chevalley group G0 over Z, and parabolic subgroups Q0, P0 ⊂ G0 containing a split maximal
torus T0 ⊂ G0, cf. [Co14, Lem 5.1.3, Thm 6.1.17, Cor 5.2.7]. Let N0 be the normalizer of T0 in G0.
Then we have N = N0 ⊗Z R, and we claim that every element w ∈ LN(R) (under the hypothesis
Spec(R) connected and reduced) is, up to right multiplication by L+T (R), the base change of an
element w0 ∈ LN0(Z). The exact sequence of R-group schemes 1 → T → N → W → 1 gives an
exact sequence of e´tale sheaves of groups
1→ LT → LN → LW.
As we have reduced to the case where G is split, the Weyl group W is constant [Co14, Prop 5.1.6],
and one easily checks that LW = W as R-schemes. First, consider the image w¯ ∈ LW (R) = W (R)
of w ∈ LN(R). Since Spec(R) connected and W constant, the element w¯ is the base change of some
element w¯0 ∈W0(Z) = N0(Z)/T0(Z). Let ˙¯w0 ∈ N0(Z) be a representative of w¯0, and let ˙¯w ∈ N(R)
be the base change. Then the class of the element ˙¯w−1 · w ∈ LN(R) is trivial in LW (R) = W (R)
by construction, and thus comes from an element in LT (R) ⊂ LN(R). Using that R is reduced, we
have
LT (R) =
∐
i∈Z
L+T (R).
So we find an t+ ∈ L+T (R) such that ˙¯w−1 · w · (t+)−1 is the base change of some t0 ∈ LT0(Z). We
define w0 := ˙¯w0 · t0 ∈ LN0(Z). Then, as elements of LN(R), we have the factorization
(7.3) w = w0 · t+,
which proves the claim. As L+T ⊂ P, we have an equality of Schubert varieties Sw = Sw0,Z inside
F`P . By Theorem 2.4, the Schubert variety Sw0,Z is compatible with base change, so that
Sw0,Z = Sw0 ×Spec(Z) Z,
where Sw0 denotes the (Q0,P0)-Schubert variety inside F`P0 over Z. This (together with Theorem
2.4) immediately implies the theorem. 
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Remark 7.5. If Z is not reduced, one can have Schubert varieties Sw which are not e´tale-locally
on the base defined over Spec(Z). Let Z = Spec(k[]) where k is a field and 2 = 0, G = Gl2, and
w = diag(z + , 1).
Appendix A. Ind-Flatness
An ind-scheme is a covariant functor X : (Rings) → (Sets) such that there exists a presentation
as functors X = colimiXi where {Xi}i∈I is a filtered system of quasi-compact schemes Xi with
transition maps being closed immersions. Every ind-scheme defines an fpqc sheaf on the category of
rings (Rings). If Z is a scheme, then an Z-ind-scheme X is an ind-scheme X together with a map
of functors X → Z. If Z = Spec(R) is affine, we also use the term R-ind-scheme.
Definition A.1. An Z-ind-scheme X is called ind-flat if there exists a presentation X = colimiXi
where Xi are flat Z-schemes via the map Xi ⊂ X → Z.
Now let R be a Dedekind ring with fraction field K. For an R-scheme X, the flat closure Xfl
is the scheme theoretic image of the inclusion XK ⊂ X. Since XK ⊂ X is a quasi-compact map,
the scheme theoretic image commutes with localization [StaPro, 01R8], and the closed immersion
Xfl ↪→ X is an isomorphism on generic fibers. Then the scheme X is flat over R if and only if the
map Xfl ↪→ X is an isomorphism if and only if OX is R-torsionfree. If ϕ : X → Y is a map of
R-schemes, then there is a map ϕfl : Xfl → Y fl with ϕK = (ϕfl)K .
Lemma A.2. Let R be a Dedekind ring with fraction field K. For an R-ind-scheme X the following
conditions are equivalent:
i) X is ind-flat;
ii) for every presentation X = colimiXi, the map colimiX
fl
i ↪→ colimiXi is an isomorphism;
iii) for every closed sub-ind-scheme Y ⊂ X with YK = XK , one has Y = X.
Proof. The implications iii) ⇒ ii) ⇒ i) are immediate, and we prove i) ⇒ iii). Let X = colimiXi
be a flat presentation, and let Y = colimj Yj be any presentation, and assume that there is a closed
immersion Y ↪→ X which is an isomorphism over K. Replacing Y by the closed sub-ind-scheme
colimj Y
fl
j does not the change the hypothesis YK = XK , and hence we may assume each Yj to be
flat. We have to show that for any i0 there is a j0 and a map
Xi0 ↪→ Yj0 ,
compatible with the transition maps (automatically a closed immersion). As YK ' XK on generic
fibers, there is a j0 with Xi0,K ↪→ Yj0,K . Now choose i1 > i0 with Yj0 ↪→ Xi1 . Then Xi0 and Yj0
are closed subschemes of Xi1 with Xi0,K ⊂ Yj0,K . As both Xi0 , Yj0 are flat, they agree with the
scheme theoretic closure of their generic fiber. This implies Xi0 ⊂ Yj0 , and the lemma follows. 
Definition A.3. For an ind-scheme X = colimiXi, the flat closure X
fl is the ind-scheme Xfl =
colimiX
fl
i .
In view of Lemma A.2, the closed sub-ind-scheme Xfl ⊂ X is well-defined independently of the
choice of a presentation.
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